Abstract: Modern experiment and theory in the eld of residual stress detection by the photoacoustic method are summarized and analyzed. A multimode approach based on the simultaneous application of several photothermal and photoacoustic methods is proposed for the study of thermal and thermoelastic e¬ects in solids with residual stress. Some experimental results obtained within the framework of this approach for Vickers indentation zones in ceramics are presented. The e¬ect of annealing on the photoacoustic, piezoelectric signal for ceramics and the in®uence of the given external loading on the behavior of the photoacoustic signal near the radial crack tips is investigated. It is experimentally shown that both compressive and shear stresses contribute to the photoacoustic signal near the radial crack tips. The model of the photoacoustic, thermoelastic e¬ect in solids with residual stress is proposed. It is based on the modi ed Murnaghan model of non-linear elastic bodies, which takes into account a possible dependence of the thermoelastic constant on stress. This model is further developed to explain the photoacoustic signal behavior near the radial crack tips. It is demonstrated that this model of the photoacoustic e¬ect agrees qualitatively with the available experimental data.
Introduction
The presence of residual stresses both in bulk and on the surface of a material limits its strength and fatigue life. That is why at present much attention is paid to the problem of stress and residual stress detection in solids. The problem of residual and mechanical stress detection in solids by the photoacoustic (PA) method has been investigated for about twelve years. The¯rst PA detection of residual stress was made in the papers [1, 2] . Since then a number of similar applications of the PA e®ect [3] - [10] and electron-acoustic e®ect [11, 12] has been performed. In spite of these e®orts, the PA methods are not widely used for residual stress detection up to now. This situation is essentially inconsistent with other methods such as optical [13] , X-ray [14] and neutron [15] di®raction, ultrasound [16] , Raman spectroscopy [17, 18] , Stress Pattern Analysis by measurement of Thermal Emission (SPATE) [19] , and the hole drilling method in conjunction with holographic or speckle interferometry [20] , which are widely used for residual stress detection at present. Unfortunately, as a rule, these methods have rather limited¯elds of application. For example, optical methods are suitable only for transparent materials, Raman spectroscopy is mainly used in science and technology of semiconductors, for which the phonon lines have a relatively simple structure, and their shifts with stress are well known. SPATE and holographic interferometry are more generally applicable, but have comparatively low spatial resolution.
Of special interest are near-surface regions of solid materials and samples, where defects may result in excessively high operational and residual stresses. From this viewpoint, PA and photothermal (PT) methods are especially attractive for modern diagnostics and imaging [10] . These methods have micrometer resolution, are noncontact, and appear to be very useful for detection of cracks and voids, delaminations, and possible second phase material inclusions at microscopic and mesoscopic scales. The problem of residual stress and stress detection by these methods, however, has not been investigated profoundly. This situation, in our opinion, is primarily due to the lack of in-depth systematic studies of the PA e®ect in solids with residual stresses, including direct con¯rmation of residual stress e®ect on the PA signal. Therefore, the main purposes of this study were to summarize the available results and to prove substantial, direct evidence of a mechanical stress contribution to the PA signal.
Multimode set-up for photoacoustic and photothermal experiments
In the¯rst investigations of the PA phenomena in solids with residual stresses, only the PA or electron-acoustic method was used. It is known that PA or electron-acoustic signals can depend on various thermal, thermoelastic, and elastic parameters of a sample under investigation. Therefore, in earlier investigations, it was impossible to control independently thermal, thermoelastic, and elastic parameters of an object, and to identify the origin of the e®ect observed. To overcome this restriction, we have proposed and applied in our work a multimode approach based on a simultaneous use of several PT and PA techniques [6] - [10] . It includes the PA gas microphone, photode°ection, photore-°e ctance, and PA piezoelectric measurements. The thermal properties in this approach are controlled and measured by the photode°ection, photore°ection and PA gas microphone methods, while the thermoelastic properties are controlled by the PA piezoelectric method.
A multimode PT and PA microscope used in our experiments provides the PA gas microphone, photode°ection, photore°ectance, and PA piezoelectric measurements. The scheme of our set-up is shown in Fig.1 . The images of the Vickers indented ceramics were obtained by scanning the samples along two coordinates with the step of 2.5 · m. The pump laser light was modulated in the range of frequencies from 100 Hz to 140 kHz. Thermal waves and acoustic vibrations were excited in the samples by the radiation of a continuous-wave argon-ion laser modulated by an acousto-optic modulator. The radiation of the pump laser was focused on a sample surface into an approximately 2 · m spot.
An important speci¯c feature of our microscope is an opportunity to investigate the in°uence of external loading on the PA and PT responses in direct experiments with samples. It was possible in our experiments to apply external compressive loading in the direction parallel to the sample surface. The maximum loading was equal approximately to 2500 N. In our PA and PT experiments, it is possible to use samples with cross-sections of about several square millimeters. It means that our set-up provides an opportunity to perform experiments in a wide range of deformations, including plastic ones, for most of materials.
3 Experimental results of photothermal and photoacoustic study of modern ceramics with residual stresses
In this work, the experimental results are presented for hot-pressed silicon nitride (Norton Ceramic 132) and Al 2 O 3 -SiC-TiC ceramic (CRYSTALOY 2311 EDX). Residual stresses were introduced in ceramics by Vickers indentation, because indentation is one of the most reliable and reproducible methods for generation of residual stresses and crack systems in solids [21] . Samples were indented with loads from 49 N to 196 N. The average indentation diagonal on the sample surface at the load of 98 N was about 105 · m for hot-pressed silicon nitride ceramic and about 90 · m for Al 2 O 3 -SiC-TiC ceramics. Vickers indentation has a rather complicated structure. It includes core, plastic, and elastic zones, and radial or median cracks (see Fig.2 ). However, in this work, the main attention is paid to the investigation of the PA and PT signal behavior near the radial crack tips, where strong residual stresses are normally concentrated [22] . Let us consider results obtained in the di®erent operating modes of the microscope, beginning with the PA piezoelectric one. The PA piezoelectric images were obtained for both hot-pressed silicon nitride and Al 2 O 3 -SiC-TiC ceramics. All these images, in general, have a similar structure. Therefore, we present here only the PA piezoelectric image of silicon nitride ceramic. The typical image of this type is shown in Fig.3 . An important peculiarity of these images is the presence of regions with large signal amplitude located near the ends of the radial cracks. Previously, analogous features have been reported for the images of Vickers indentations obtained by electron-acoustic microscopy [2] . We have also observed this feature during the PA piezoelectric study of Al 2 O 3 -SiC-TiC ceramics [23, 24] . These PA images resemble to a great extent Raman microscopy images obtained for the residual stress¯elds in Vickers-indented crystalline silicon [6] . Fig.4 shows a PA piezoelectric amplitude line scan along a radial crack. The cross represents the end of the radial crack visible at the surface.
The in°uence of stresses on thermophysical properties of metals was pointed out in an earlier investigation [1] . Therefore to clarify the dependence of thermal and elastic parameters of investigated ceramics on residual stress and its e®ect on the PA piezoelectric signal, we also analyzed thermal-wave images of the same regions by the PA gas microphone, photode°ection, and photore°ectance methods. In the photode°ection and photore°ectance modes of our microscope, the radiation of a He-Ne laser was used for readout. PA gas microphone and photode°ection measurements are sensitive only to thermal parameters of a sample [25] . A typical image obtained, for example, by photode-°e ction method for the case of the Vickers indented silicon nitride ceramic, is shown in Fig.5 . Both amplitude and phase photode°ection images for this ceramic do not have any particular features near the radial crack tips.
Note that photode°ection images of Al 2 O 3 -SiC-TiC composite ceramic in general are similar to the presented images, with the exception of some additional speckle structure. However, this speckle structure is not determined by thermal or thermoelastic properties of this ceramic. It appears only due to di®erent optical properties of Al 2 O 3 , SiC, and TiC grains of this ceramic. In our experiments with silicon nitride and Al 2 O 3 -SiC-TiC ceramics, we measured the photode°ection images of various Vickers indentations. In the experiments with silicon nitride, the detailed PA gas microphone and photore°ectance measurements were also made. In these experiments, we also did not observe any particular features near the radial crack tips in ceramics. Thus, our experimental results for ceramics lead to the conclusion that residual stresses do not noticeably in°uence their thermal properties.
When comparing various PT and PA images, note that the spatial resolution of the PT methods depends on both heating spot size and thermal wavelength. The heating spot size was the same in all the modes, whereas the thermal wavelength is inversely proportional to the square root of the modulation frequency. In silicon nitride ceramics it is, for example, about 10 mm at 100 kHz. In the PA gas microphone and photode°ection experiments, the modulation frequency is normally lower than 10 kHz, which reduces by several times the resolution of these methods compared to that of the PA piezoelectric method. This distinction hampers direct comparison of images obtained by these methods. The problem disappears using the photore°ectance method, operating in a very wide range of the modulation frequency.
In our experiments, photore°ectance images were obtained at modulation frequencies up to 140 kHz and were presented elsewhere [7] . Therefore, they can be compared directly with images obtained by the PA piezoelectric method at the same modulation frequency. Fig.6 shows the typical photore°ection image of a Vickers indentation zone in silicon nitride ceramic. In this image, the granular nature of the ceramic structure is demonstrated much more clearly than in PA gas microphone and photode°ection images. This characteristic is not caused by optical di®erences of the probe light re°ection from di®erent grains, since the optical scanning image of this part of the ceramic, formed at the same time as the photore°ection image, was fairly homogeneous. This particular feature of the photore°ectance method is due to a special mechanism of its signal formation, based on the modulation of the photore°ectance coe±cient by surface temperature. However, the photore°ection images, being sensitive to the modulation of the optical re°ectance coe±cient by the alternative temperature component, did not show any particular features near the ends of radial cracks. Thus, the PA gas microphone, photode°ection, and photore°ectance measurements of Vickers indentations in silicon nitride and Al 2 O 3 -SiCTiC ceramics lead to the conclusion that residual stress does not noticeably in°uence its thermal parameters.
For more detailed investigation of the e®ect of residual stress on the PA piezoelectric signal, we have also measured the dependence of the signal on the load of indentation for silicon nitride ceramics. A typical dependence of the maximum of the PA piezoelectric signal at the crack ends on the indentation load for this ceramic is shown in Fig.7 . The signal increases linearly with the load up to about 100 N, and then the signal growth decreases and the saturation takes place. For all obtained images, the PA piezoelectric signal from stressed regions does not exceed 160 percent of the signal from areas distant from indentations. The external stress produced by the load just before the saturation corresponds to the yield stress of this material near the radial crack tips. Under this condition, a further increase of the load does not result in the increase of residual stress in these regions, but in attainment of the critical stress for silicon nitride ceramic and only in a further radial crack growth.
In the previous studies of the PA e®ect in stressed materials, the PA response has not been investigated at additional external actions on objects such as temperature variation, loading, etc. The study of these e®ects can provide a direct demonstration of the existence of the dependence of the PA signal on residual stresses and ensure deeper understanding of this dependence. Therefore, in this work, we have also investigated the PA response from regions with residual stresses in ceramics under annealing and external loading.
Let us consider¯rst the in°uence of annealing on the PA piezoelectric response from regions with residual stresses. For this purpose, we have measured the PA piezoelectric images of indentation sites after annealing of an Al 2 O 3 -SiC-TiC ceramic sample [23, 24] . Annealing was made at 800oC and was produced in three stages. The duration of each stage was equal to 8 hours. Note that after each annealing at 800oC, the sample temperature was decreased at a su±ciently slow rate (about 10oC/min) in order to minimize the e®ect of thermal stresses on the crack growth. In Fig.8 the maximum PA signal intensity normalized to the average PA response is shown within the course of annealing for two radial cracks in the Al 2 O 3 -SiC-TiC ceramic. Fig.8 reveals clearly a general tendency of the PA piezoelectric signal to decrease with increasing annealing time. For one of these cracks, some increase in the PA signal was observed after the 16-hour annealing. This event probably takes place because the regions of the material near crack tips are in a signi¯cantly nonequilibrium thermodynamic state [26] , so that even weak thermal stresses can a®ect the crack growth. However, this event does not violate the general tendency.
The presented experimental data on the PA response variation in the course of annealing of the Al 2 O 3 -SiC-TiC ceramic are well consistent with the commonly accepted opinion that annealing decreases residual stress [26] .
We have also made photode°ection imaging of an Al 2 O 3 -SiC-TiC ceramic sample after each stage of annealing to control its thermal properties. These experiments did not reveal any signi¯cant in°uence of annealing on the photode°ection images of Al 2 O 3 -SiCTiC ceramics near Vickers indentations [23, 24] . Therefore, the results of photode°ection imaging both for silicon nitride and Al 2 O 3 -SiC-TiC ceramics show that the correlation between the PA piezoelectric response and residual stresses is not related to the e®ect of residual stresses on thermal properties of these materials or restoration of their thermal properties under annealing.
The second speci¯c feature of this work is the investigation of the in°uence of external loading on the PA and PT responses in direct experiments with ceramics. Compressive external loading was applied in our experiments in the direction parallel to the sample surface. We have obtained the PA and PT images of Vickers indentations in unloaded and loaded Al 2 O 3 -SiC-TiC composite ceramic. First, it should be noted that the photode°ec-tion images of Vickers indented areas in this ceramic do not demonstrate any in°uence of external loading. This fact correlates with the results of annealing experiments.
A typical modi¯cation of the PA piezoelectric image of the Vickers indented area in Al 2 O 3 -SiC-TiC composite ceramic under external loading is presented in Fig.9 . From  Fig.9 one can see that strong changes of the PA piezoelectric image with the application of external loading take place in various regions of the Vickers indented area, including the radial crack tips. This result can be considered as one more direct experimental proof of the PA piezoelectric signal dependence on mechanical stress. However, in this work, we restrict ourselves by the investigation of the PA signal behavior near the ends of radial cracks only. For interpretation of the PA experimental results in stressed materials, we developed a special theoretical model.
Theory of photothermal and photoacoustic thermoelastic problems for solids with residual stress
The detailed PT and PA study of solids with residual stress requires an adequate theoretical model. Novojilov [27] and Tokuoka et al [28] , for example, give a general theoretical approach to the formulation of mechanical problems dealing with large elastic deformations and initially prestressed bodies. Some important details of the heat°ux and thermoelastic problems for solids with large elastic deformations were discussed by Green et al [29] . Our main purpose is to develop, within the framework of these notions, the theoretical approach for the consideration of PT and PA e®ects in solids with residual stress. Let us begin with the consideration of the heat°ux problem. The derivation of the heat conduction equation can be started from the entropy°ow equation in the general form [30] 
where S, T and » are the entropy, temperature, and density of a deformed body,Q is the heat°ux in it, and W H is the speci¯c power of heat sources externally generated in the body. In the mechanical model for an initially prestressed medium [27] , the vector of positions of particles in the body in the¯nal state is given by (see Fig.10 )
wherer gives positions of particles in the body in the natural state without stresses and U (r) denotes the static deformation of the body; ¢ũ(r; t) denotes small deformations caused by laser irradiation that are superimposed on the static deformation. In our case, the generalized thermoelastic theory should be used [31] - [33] . It takes into account a possible dependence of thermoelastic coupling on strains. In the linear approximation of this parameter on initial strain, the density of the thermoelastic energy related to the deformation of the body from the initial state to the¯nal one can be represented in the form
where
® 0 is the thermoelastic coupling for an undeformed body,¯i k is the Kronecker's delta function, 0 and 1 are the coe±cients taking into account the dependence of the thermoelastic coupling on strain,
s the strain tensor, U ik is the initial strain tensor, and T 0 is the equilibrium temperature.
By analogy with the consideration made by Landau et al [30] , we can determine the part of the entropy S of the initially isotropic body related to thermoelastic deformations of the body. Taking into account eq.(3), the entropy S of a body in the¯nal state can be written as
where S 0 (Ũ ; T ) is the entropy of the prestressed body and ¢u ik =
is the tensor of small strain produced by modulated laser light.
The heat°ux in a body can be expressed in a coordinate system corresponding to either its natural state or its initial state [29] . The thermal conductivity of materials is determined experimentally with regard to the natural coordinate system, because all lengths in the experiments of this type are normally measured in an undeformed material. The components of the heat°ux vector in the prestressed body referred to the unit area of the undeformed body can be expressed as [29] 
In this relation the thermal conductivity tensor K ik in a general, non-linear, thermoelastic theory can be expressed in terms of invariants composed from strain tensor, temperature, and temperature gradients [34] .
The heat°ux vectorqis expressed in terms of Lagrange's coordinates x i; while the heat°u x vectorQ in eq. (1) is given in terms of Euler's coordinates. Using transformations described in [29] , for example, one can express all values in Lagrange's coordinates. From eqs. (1), (4), and (5) one can then derive the heat conduction equation for the prestressed body. In this work, we suppose that both temperature modulation ¢T and deformations ¢u i are small. In the linear approximation the heat conduction equation can then be represented in the form
where » 0 is the density of the undeformed body andc v is the speci¯c heat of the prestressed body at a constant volume. All values in eq. (6) are expressed in terms of Lagrange's coordinates x i corresponding to positions of points of the undeformed body. The second term in the left side of eq. (6) is related to dilatation processes and in°uences weakly the temperature distribution determined by a thermal di®usion process, though it plays an important role in investigation of thermal infrared emission e®ects by the SPATE technique [19] . This term is usually omitted in the PT and PA problems. eq. (6) shows that the temperature distribution in the deformed body varies with initial stresses via the density, thermal conductivity, and speci¯c heat. For our problem, only the dependence of these values on the initial strain is essential.
In the linear approximation on the initial strain tensor, these values can be written as
where c
v and K 0 are the speci¯c heat and thermal conductivity of the undeformed body, respectively;¯, " 0 , and " 1 are the coe±cients taking into account the dependence of the speci¯c heat and thermal conductivity on strain.
For the case » = » 0 , 0 = 1 = 0 and K ik = K 0¯ik eq.(6) coincides with a well known heat conduction equation for isotropic bodies [30] .
For the formulation of the complete thermoelastic problem for bodies with residual stress it is necessary to add to eq.(6) an equation for determination of deformations ¢u i . This equation can be obtained within the framework of non-linear mechanics using the equation of motion for a body [27, 34] . In the absence of external forces, the equation of motion is given by
is Piola-Kirchhof's stress tensor; X i are the coordinates of vector R, i.e., Euler's coordinates of particles in the deformed body; u km = U km + ¢u km ; andW is the total energy density function. The total energy density W can be represented in the form W = W E + W T , where W E is the density of the mechanical energy and W T is the change of the Helmholtz free energy of the body related to its deformation from the initial state to the¯nal state, which is determined by eq.(3).
In this paper, it is supposed that in the natural state the body is isotropic, and its mechanical energy is represented by the Murnaghan non-linear, mechanical model of the body [35] . In accordance with this model the density of elastic energy of the body under deformations can be expressed in the form
where ¶ and · are Lame's elastic constants; l,m,n are the third order Murnaghan constants; I 1 , I 2; and I 3 are the three invariants of the strain tensor [35] . The third order Murnaghan constants are unambiguously related to the third-order elastic modulii of material [35] . The general solution of the formulated problem has serious mathematical di±culties. Therefore, in this work, it is assumed that the static deformations in the prestressed body are homogeneous and can be represented in the form U i = A i x i ( A i = const). Let us also assume that the sample surface is uniformly irradiated by laser light temporary modulated according to the harmonic law, and that the dilatation processes do not in°uence the temperature inside the body. Under these conditions, the one-dimensional model can be used for thermal waves and elastic deformations in the body.
To obtain a solution of eq. (8), it is necessary to know a distribution of the alternative temperature component inside the object. For the laser light fully absorbed at the top sample surface, under the above assumptions, and by using eqs. (6) and (7), one can express the alternative temperature component for a thermally thick sample as ¢T (z; t) = ¢T s (!)e ¡¾z+i!t ;
, µ 0 is the thermal di®usivity of the undeformed body, ¢T S is the amplitude of the temperature modulation on the sample surface, ! is the angular frequency of laser beam modulation, and the z axis is directed perpendicular to the sample surface.
In our work, the piezoelectric element was used for the detection of sample vibrations (see Fig.11 ). Under conditions of our experiments, the length of acoustic waves in the piezoelectric element was longer than its thickness. Therefore, the deformation of the piezoelectric element can be considered as homogeneous. The output voltage of electric signal V (!) produced by the piezoelement can then be written as [34] V (!) = ¡ e (T )
where l 1 is the thickness of the piezoelement, u
3 (z; !) is the deformation of the piezoelectric element, and e (T ) and " (ST ) are the piezoelectric and dielectric constants of the piezoelectric material respectively. The deformation of the piezoelement u (p) 3 (z; !) can be related to the sample deformation ¢u 3 (z; !) using the condition of the normal stress component continuity at the boundary between the sample and the piezoelement
where t
33 is the mechanical stress inside the piezoelement. The scheme of the derivation of deformations ¢u i from thermoelastic equation (8) was described elsewhere [31] - [33] , where the linearization procedure for eq. (8) was developed. Therefore, in this paper we do not consider this procedure in detail. After linearization, one can rewrite the equation of motion for our case in the form
where f
k , and g (i) are the coe±cients de¯ned in the same manner as in [31] - [33] , and the summation over the subscript k in the left side of eq. (13) is assumed.
One can obtain the deformations of a sample with the free top surface using the boundary condition
where n k are the components of the unit vector normal to the sample surface. For a massive piezoelectric transducer that is much heavier than the sample used in our experiments, we can assume that the displacement of sample points at the boundary between the sample and the element obeys the equation ¢u 3 (l; !) = 0. In this work, it is assumed also that the alternative temperature ¢T s and deformation ¢u 3 components are small. Boundary condition (14) can then be simpli¯ed, because in the¯rst order approximation on these values, the equation z = ¢u 3 can be replaced by z = 0.
For the given boundary conditions, the solution of eq.(13) ¢u 3 (z; !) for the onedimensional model can be obtained in the form
In our experiments, relatively low modulation frequencies of the pump beam were used, which obey the condition µ! 6 c 2 l (where c l is the longitudinal velocity of sound in the body). Based on Eqs. (11), (12) , and (15), the PA piezoelectric signal V (!) for this case can be represented in the following form
where V 0 (!) is the PA piezoelectric signal from the undeformed body, This result is of a general nature and can be applied for various materials. It relates the dependence of the PA piezoelectric signal on stress or strains to the non-linear thermal, thermoelastic, and elastic properties of a material. Note that this result must be valid also for the electron-acoustic signal when special details of thermal wave generation by the electron beam are not important. This fact may explain the great similarity between the PA [3, 4, 6] and electron-acoustic [2] , [11] - [13] images of areas near Vickers indentations.
An analysis of the obtained experimental and theoretical results can be performed. First of all, from the PA gas microphone, photode°ection, and photore°ectance data, one concludes that " 0 , " 1 and¯are about zero for investigated silicon nitride (Norton Ceramic 132) and Al 2 O 3 -SiC-TiC (CRYSTALOY 2311 EDX) ceramics. Using the expression for the PA piezoelectric signal and experimental results, we can also make some estimation of the coe±cients ( 0 , 1 ) and the Murnaghan constants of these ceramics. In accordance with these experimental results, the maximal PA piezoelectric signal from the stressed areas in silicon nitride and Al 2 O 3 -SiC-TiC ceramics exceeds the average signal by 40-60 percent. Young's modulus and shear modulus for silicon nitride ceramic are given, for example, by Sharma et al [36] and are equal to 320 GPa and 130 GPa respectively. Therefore, according to the developed theory, these experimental results, and the maximal possible values of strains in ceramics [37] , we can estimate the values of the Murnaghan constants as (3 ¥10)£10
12 Pa for silicon nitride ceramic and the upper values of the coe±cients ( 0 , 1 ) as 5 ¥ 10 for both ceramics. The estimated values of the Murnaghan constants lie in the correct range of these parameters for solids presented, for example, by Lur'e [38] . The coe±cients ( 0 , 1 ) have somewhat larger values with reference to the values estimated by Garber et al [39] for metals. However, in this estimation, only the in°uence of stresses on the coe±cient of thermal expansion was taken into account. The inclusion of the non-linear elastic e®ects into consideration can somewhat change this estimation. Unfortunately, more accurate determination of these parameters requires the development of special experimental procedures and additional theoretical studies.
Theoretical model of photoacoustic thermoelastic e® ect near vertical crack tips
We have presented experimental results demonstrating the in°uence of mechanical stresses on the PA and electron-acoustic signals near the radial crack tips of Vickers indentations in ceramics. We have also presented the theoretical model of the PA and electron-acoustic e®ect in stressed materials. Up to now, however, there was no proposed theoretical model to explain the PA signal behavior near the crack tips. Therefore, we developed further the described model of the PA e®ect in stressed solids to explain the PA and electron-acoustic signal peculiarities near the radial crack tips of Vickers indentations [40] .
To apply our theoretical model of the PA e®ect in stressed solids to determine the PA signal behavior near the radial crack tips, it is necessary to take into account several speci¯c features of the PA and electron-acoustic experiments with Vickers indentations. First, in these experiments, the PA or electron-acoustic signals are usually generated in a relatively thin subsurface layer. Therefore, the depth of the radial cracks in these experiments exceeds the thickness of this layer. In our investigation, we took into account that residual strains in brittle materials are small except for plastically deformed regions. We took also into account that residual stresses near the tips of radial cracks are directed mainly parallel to the sample surface. Therefore, one can assume that in PA experiments for components of the strain tensor U ik produced by residual stresses, it must be true that U ik << 1 and U xx ,U yy >> U zz , where z-axis is directed perpendicular to the sample surface. For this case, the PA signal in accordance with eq. (16) can be expressed in the linear on residual strains approximation in the form
, l is the third order Murnaghan constant, » o is the density of the undeformed body, c l is the longitudinal velocity of sound, and 0 is the coe±cient taking into account the dependence of the thermoelastic coupling on strains [19] , [31] - [33] .
Small plastically deformed regions at the crack ends are localized near the radial crack tips. The regions with residual stresses occupy essentially larger areas. In these areas, residual strains have elastic character, and they can be expressed through residual stresses by using Hooke's law. In accordance with eq.(17) the PA signal can then be represented in the form
A,¸is Poisson's ratio, E is Young's modulus, and ¼ xx and ¼ yy are the components of the stress tensor.
First, note that the dependence of the PA signal on stress is determined by the same values as in the case of stress pattern analysis by measurement of thermal emission (SPATE) method. In accordance with paper [19] the SPATE signal is also proportional to ¼ xx + ¼ yy .
It was already pointed out that in the PA and electron-acoustic experiments, the thin surface layer was responsible for the formation of the PA signal. In this case, for the determination of residual stresses near the radial crack tips, these cracks can be considered as plane ones. The components of the stress tensor near the plane crack tip in a thick sample are determined by equations [22] 
where K I and K II are the stress intensity factors that de¯ne the normal and shear components of stress produced by external loading, r is the distance between the crack tip and the point of measurement, and is the angle between the crack and direction of the point of measurement. The stress intensity factors of the crack in the general case are determined by the total action of residual stresses and stresses produced by external loading. In linear crack mechanics, the total stress intensity factors of a crack can be represented in the form
II ; whereK II are the stress intensity factors characterizing the crack behavior under external loading.
The stress intensity factors that take into account the external loading of a crack depend both on the value of this loading and on the angle between the crack and external stress direction (see Fig.12 ). For the case of the plane crack, these stress intensity factors are determined by equations [41] 
II sin ¿ cos ¿ ; where ¿ is the angle between the crack and direction of the external loading and K 0 I and K 0 II are the stress intensity factors that characterize the crack and do not depend on the angle ¿ .
Let us consider in more detail the PA signal behavior near the radial crack tips of Vickers indentation under external loading by using the obtained results. The stress intensity factors of the radial cracks for residual stresses produced by Vickers indentation are given by expressions [42] 
II = 0; where P is the indentation loading, À is the dimensionless coe±cient whose value is determined by the shape of a crack, and L is the length of a crack.
Using Eqs. (18) (19) (20) (21) (22) the PA signal near the radial crack tips can be expressed in the form
Equation (23) can be used to determine the in°uence of external stresses on the PA signal. To perform this comparison, we have analyzed in this work the behavior of the PA signal near the tip of a crack in directions perpendicular to a crack direction. The choice of these directions was determined by the fact that the distribution of normal and shear stresses along them has an essentially di®erent character under loading. Fig.13 demonstrates the experimental data representing the behavior of the PA signal along the described directions for two radial cracks in Al 2 O 3 -SiC-TiC composite ceramic. Theoretical results obtained from eq. (23) are also presented in this¯gure. The chosen cracks denoted as 1 and 4 in Fig.9 correspond to the situation in which the impact of the external loading on the stress¯elds near crack tips has a quite di®erent character. For crack 1 the angle ¿ ¹ = 75 0 , and external loading is almost normal to the crack interfaces.
For crack 4 the angle ¿ ¹ = 17 0 , and external loading produces nearly pure shear stress.
In the theoretical calculations, the distances between the crack tip and the line of the PA scanning were 5 · m for crack 1 and 20 · m for crack 4. The results presented in Fig. 13 demonstrate a good agreement of the experimental data with our theoretical model at short distances from the crack tips. Some disagreement between experimental and theoretical results at distances away from the crack tips is due to an asymptotical character of the expressions used for stress tensor components [41] that are valid only for short distances. Fig.13(a) shows that external compressive stress partially compensates for tensile residual stress acting near the tip of crack 1. The proposed theoretical model, in combination with experimental data for Al 2 O 3 -SiC-TiC ceramic, enables us to make some conclusions about the stress intensity factors of the radial cracks in this material. To perform this analysis, it is necessary to take into account eq. (22) . The stress intensity factor related to the applied external loading for a crack with ¿ = 90 0 is determined by expression K
where Ã is another dimensionless coe±cient whose value is also determined by the crack shape and ¼ is the external uniform tension perpendicular to the crack plane [42] . From the experimental data shown in Fig.6 of paper [40] , it is evident that the compensation for tensile residual stresses near the tips of radial crack with ¿ = 90 0 takes place under the external compressive stress equal approximately to 340 MPa. The radial crack length in the Al 2 O 3 -SiC-TiC composite generated by Vickers indentation at 98 N was equal to about 150 · m. The experimental data and results in eq. (23) for the PA signal then make it possible to obtain a constraint on the coe±cients À and Ã. From our data, one can conclude that À ¹ = 0:075Ã. Note that this estimation is in good quantitative agreement with the result obtained in paper [43] for ceramics with Al 2 O 3 grains. One can also conclude from the theoretical and experimental results obtained here that K
II . The last result is in good agreement with the theory of plane cracks in thick plates [41] , which gives the exact equality for these values. Therefore the experimental data that are related to the PA signal behavior near the crack tips, in combination with the theoretical results of the crack mechanics, enable us to make some conclusions about the stress intensity factors of radial cracks in the Al 2 O 3 -SiC-TiC composite ceramic.
The theoretical model developed here demonstrates the substantial in°uence of the external loading on the PA piezoelectric signal near Vickers indentations. The modi¯ca-tions of the PA signal obtained here show that they reproduce both normal and shear stresses near the ends of the radial cracks. It is demonstrated that the theoretical results presented here, in combination with available data of PA experiments with Vickers indentations, can be used for extracting important information about the stress intensity factors of the radial cracks.
Conclusion
The approach proposed in this work could provide both the experimental and theoretical base for the investigation of stress and residual stress in°uence on thermal and thermoelastic properties of materials. To our mind, it would be interesting to apply this approach for experimental investigations of the dependence of thermal parameters on stress for different materials. The PT data presented in this work do not show any strong in°uence of stress on thermal properties of the silicon nitride and Al 2 O 3 -SiC-TiC ceramics. However, there is no reason to generalize this result to other types of materials. The experimental results obtained in the¯eld of the PA e®ect could be used for the measurement of thermoelastic and Murnaghan constants (or third order elastic modulii) of materials by PA techniques.
The residual stress¯elds for Vickers-indented regions have a rather complicated structure. This obstacle essentially limits the application of the PA techniques for quantitative measurements of non-linear thermoelastic and elastic parameters. Therefore, the development of specialized PT and PA techniques based on the use of samples with a simple structure of residual stresses could be of great importance.
The non-linear thermoelastic theory of the PA e®ect in solids with residual stresses developed in this work is of a general character and can be applied to various materials. This theory can describe the main features of the thermoelastic generation of acoustic vibrations in solid objects. It provides a qualitative explanation of the experimental data obtained here and can be applied to the case of the electron-acoustic microscopy, when special details of thermal wave generation by the electron beam are not essential. It is shown also that this theory relates the PA piezoelectric signal to stresses in the form analogous to the SPATE signal. The detected behavior of the PA signal reproduces both normal and shear stresses near the ends of radial cracks in accordance with the proposed theoretical model. In combination with the presented theoretical, results the experimental PA data can be used for extracting important information about the stress intensity factors of cracks.
In this work, the expressions for the PA piezoelectric signals have been obtained within the framework of the one-dimensional model. More realistic, three-dimensional models of the PA piezoelectric signal formation that take into account actual features of the residual stress¯elds are, therefore, of great interest. These models could provide a better agreement between experimental and theoretical results.
The dependence of the PA thermoelastic signal on residual stresses provides an in-teresting opportunity for the development of new, nondestructive methods for residual stress detection in solids. In this case, the general applicability and the capability of providing better spatial resolution, compared to the holographic interferometry and SPATE methods, could be the important advantages of these methods. Fig. 1 The scheme of the set-up for the photothermal and photoacoustc microscopy of solids. Fig. 2 Sketch of the Vickers indentation crack system for brittle solids. a is a top view, b is a cross section. Fig. 3 The amplitude of the PA piezoelectric image of a Vickers indentation in Si 3 N 4 ceramic. The indentation load is 98 N, the modulation frequency is 114 kHz, the image area is 370£370 · m 2 . Fig. 4 The PA piezoelectric signal scan along a radial crack in Si 3 N 4 ceramic. The indentation load is 98 N, the modulation frequency is 114 kHz. The distance is set equal to zero at the beginning of the crack.
(a) (b) Fig. 5 The normal photode®ection image of a Vickers indentation in Si 3 N 4 ceramic. The indentation load is 98 N, the modulation frequency is 7.6 kHz, the image area is 315£315 · m 2 . (a): is a signal amplitude, (b): is a signal phase. Fig. 6 The amplitude of the photore®ection image of a Vickers indentation in Si 3 N 4 ceramic. The indentation load is 98 N, the modulation frequency is 7.6 kHz, the image area is 315£315 · m 2 . Fig. 7 The dependence of the maximum value of the PA piezoelectric signal on the indentation load for Si 3 N 4 ceramic. 
